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Introduction

E the standard integral equation method1'2 for calculat-
g transonic flows, the field (double) integral that is a

feature of such methods is reduced to a line integral over the
aerofoil chord by representing the transverse variation of the
velocity in terms of the velocity on the aerofoil surface using a
fairly arbitrary approximation function. The resulting in-
tegral equation for the surface velocity can be solved without
much difficulty. This approximate evaluation of the field in-
tegral, although adequate for subcritical flows, is not suf-
ficiently accurate to give satisfactory results for supercritical
flows when shock waves are present. In the extended integral
equation method presented in the section, an alternative
means of evaluating the field integral is developed, in which
the fundamental integral equation is used to find velocities in
the flowfield in addition to the surface velocities. This results
in a considerable improvement in the accuracy of the integral
equation method.

Analysis
Integral equation methodsJ for calculating transonic flows

were developed before efficient digital computers were
available and consequently involve a minimum of numerical
work. In the integral equation method the nonlinear transonic
small disturbance equation is written in integral form con-
sisting of a line integral over the aerofoil chord and a double
integral, involving the second-order terms, over the entire
flowfield. The inaccuracies introduced into the fundamental
integral equation through the approximate evaluation of the
field integral are responsible for the unsatisfactory com-
parison between the results of the integral equation method1>2

and the results of the finite difference methods.3'4 The main
advantage of integral equation methods over finite difference
methods is that, in principle, the numerical solution of the in-
tegral equation is easier than the solution of the differential
equation, typified by rapid convergence. The main disad-
vantage of existing solutions1'2 of the transonic integral
equation is the unsatisfactory results due to the rather
primitive, and inaccurate, approximation of the field integral.
If the accuracy of the evaluation of the field integral can be
improved without sacrificing too much numerical simplicity,
it is suggested that integral equation methods will provide a
useful research tool in many problems of transonic
aerodynamics. Only the flow over a symmetric aerofoil at
zero incidence is considered here, but in general the extended
integral equation method can be applied to a wide range of
problems.

For a freestream Mach number M^ and a transonic
parameter k the fundamental integral equation1 for sym-
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metric aerofoils at zero incidence is

(1)

where u(x,z) is related to the streamwise perturbation
velocity u(x,z) by

u(x,z) (2)

and

(3)

where ZT(x) = [ (y + l)k/(l -M2
00)3/2]zT(x)i z = ZT(X)

denotes the thickness distribution of the aerofoil. IT(x,z,xs)
is a field integral defined by
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where xs is the shock location and

*(*,£;*, f) =loge { (*-f )2 + (z-h2} '/2

The second-order equation, Eq. (1), has two "solutions"
given by

u(x,z)=l±[l-2[ftrL(x,z)+Ir(x,z,xs)]}V2

Since sonic conditions exist when (u(x, z ) = 1 ) the upper root
denotes a supersonic solution and the lower root denotes a
subsonic solution. A shock is represented by a discontinuous
jump from the upper root to the lower root. If a shock wave is
present in the flow, the shock location xs is found by ensuring
a finite acceleration at the sonic line x0(z) . This leads to the
following set of equations:

[uTL(x,z)+IT(x,z,xs)} \x=Xo(t) =

,=0——• [uTL(x,z)+IT(x,z,xs)}

(5a)

(5b)

(5c)

Equations (5) are sufficient to give the sonic line
x0 (z), the normal shock location ;c5, and the slope of the
sonic line dx0(z)/dz.
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In order to solve the fundamental integral equation, Eq.
(1), the field integral IT(x,Z,xs), defined by Eq. (4), needs
to be evaluated and this requires a knowledge of the variation
of «(£, f) over the entire flowfield. An approximate,
although sufficiently accurate, evaluation of IT(x,Z,xs) is
possible however, if «(£,£") is known only at specified points
in the flowfield and some kind of interpolation function is
used to express u (£,f) in the rest of the flowfield. It should be
noted that the practical requirement is an accurate evaluation
of " (£»f) on the aerofoil surface, and hence an acceptable
solution to Eqs. (1) and (5) need not necessarily be very ac-
curate away from the surface, provided the surface velocities
are calculated to the desired accuracy.

Let the flowfield be divided into 2Nstrips (z = constant) as
shown in Fig. 1; since the present analysis is restricted to sym-
metric flows only the upper half plane need be considered.
Theyth strip is defined by

(6)

and f ! =0. The Mh strip in each half plane is assumed to
stretch from f = fN to f = ex; that is f^+/oo = l. It is assumed
that the velocity w ( £ , f ) is known on each strip edge
f= f / (j = l> N+l) and linear variation of u2 (|, f) is used
in the first (TV-1 ) strips; thus

for f / ^ f ^ f y + y , j<N. In the semi-infinite 7Vth strip in each
half plane it is assumed that

where

(7b)

(8)

It is also assumed that for the purpose of evaluating IT(x,z,
xs), the velocity w(|,f) is zero for (£<0, |>1). Using
Eq. (7), the integration with respect to f in the field in-
tegral IT (x,z,xs) can be performed; the accuracy of this inte-
gration can be increased simply by increasing the number of
strips. The evaluation of the subsequent line integral in the £
direction can be obtained by standard methods l j2 in terms of
the velocity u(xif f,-), ( /=/ , rn) where xit (i=l, m) are
specified values of x (0<*<1). On putting (x=Xj),
(z = Zj=$j) the integral equation, Eq. (1) becomes

u(xia zJ)- (9)

and IT(XJ, Zj, xs) is a function ofu(xitZj) .
For subcritical flows, Eq. (9) can be solved directly using an

iterative technique. For supercritical flows, Eq. (9) must be
solved subject to the conditions Eq. (5).

Results
In order to compare results, the similarity parameter k used

by Murman and Cole3 is used; thus K= (1 -M^) / (rk) 2/3

* — — — ZN

O x - i

Fig. 1 Arrangement of strips for a half-plane.
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Fig. 2 Pressure distribution around a 6% biconvex aerofoil,M^ = 0.8
(/T=2.94).
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Fig. 3 Pressure distribution around a 6% biconvex aerofoil, Af«, =
0.87 (J5T= 1.8).

where r is the thickness-chord ratio of the aerofoil. The
pressure distributions around biconvex aerofoils in both sub-
critical flow (K=2.94) and in supercritical flow when shock
waves are present (K =1.8) are calculated. The subcritical
result (K=2.94) is shown in Fig. 2 and is compared to the
finite difference result of Murman and Cole.3 There is good
agreement between these two results.

The pressure distribution for the supercritical case (K =
1.8) is shown in Fig. 3 and is compared to the finite difference
results of Murman4 and to the "standard" integral equation
results of Norstrud.2 It can be seen that both the pressure
distribution and the predicted shock location of the present
results agree satisfactorily with the results of Murman4 and
are a considerable improvement on the "standard" integral
equation results.

The computing time of the extended integral equation
method is slightly greater than that required by the finite dif-
ference methods. The bulk of this computing time is used in
the evaluation of the field integral in the relatively unim-
portant semi-infinite outer strip; this is due to the nonlinear
dependence of the approximation function, Eq. (7b) on u2( |,
f) through the gradient factor b(£,£N) which prohibits
storage of the resulting influence function. If a satisfactory
alternative function to that of Eq. (7b) can be devised that is
linear in & ( £ , f N ) , then the computing time will be reduced
considerably. The extended integral equation method would
probably then be computationally superior to the finite dif-
ference methods.
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